Functional equation with twice iterated function.
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Find all functions f: R* — R* such that satisfies to equation f{(f(x)) + af(x) = bx,

where a,b > 0.

Solution by Arkady Alt, San Jose, California, USA.

I. Lets try to find linear function that satisfies to the functional equation, namely

let f(x) = kx, where k > 0 because f: R* - R*.Then f{f(x)) = k*x and

f(f(x)) + af(x) = bx becomes k’x + akx = bx,Vx > 0 < k> +ak—b = 0.
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of the latter equation.

Il. Forany n € NU {0} we define recursively function f,(x) by

> ky,that is k1,—k, be roots

So(x) =x

Sn(x) = f(fn1(x)),n € N
Then by replacing x in f{f(x)) + af(x) = bx with f,_i1(x),n € N we obtain
for (f.(x)) the following recurrence
1) for1(x) + afy(x) = bfy—1(x) = 0,n € N.
We have fi(x) = flx) = 0+x+ 1« fx), 2(x) +af1(x) = bx < f2(x) = bx — af(x),
f3(x) +afr(x) = bf1(x) < f3(x) = bfix) — a(bx — af(x)) = —abx + (a? + b)(x), ...
That is f,(x) can be represented in form of linear combination of x and f(x),
namely f,(x) = b,x + a,f(x),n € NU {0}.Then by substitution f£,(x) in such
form in (1) we obtain b,.1x + an1f(x) + a(bux + ayf(x)) — b(by-1x + ap-1fix)) = 0 =

2 {:mﬂ+a-bnb-h”0 Cj{:bwlaJm+b-bn1’neN

aps1+acapn—beay, =0 Anil = —A < an+b+a,
with initial conditions by = 1,61 = 0,a¢9 = 0,a; = 1.
We have b, = b > 0,b3 = —ab < 0,a0 = —a < 0,a3 =a*+b >0
and for any n € Nassuming b2, > 0,b2,+1 < 0,a2, < 0,a2,+1 > 0 we obtain
using (2) b2n+2 =-—q- b2n+1 +b- bzn > 0,b2n+3 =—a- b2,1+2 +b- ban < 0,
A2 = —A * A2pr1 + b 2 a2, < 0,a2,3 = —a » a2p2 + b = azpr1 > 0.
Thus, by Ml for any n € N holds b,, > 0,b2,41 < 0,a2, < 0,a2441 > 0.
lll. Since f,(x) > 0 for any x € R* then by,x + af(x) > 0 < byyx > —axflx) <

fx) < b2—2”f and ba,i1x + a fix) > 0 < flx) > —M,n e N.

A2n+l
Thus, — bz”“x < flx) < - lzg’x ,neN.
n n

Noting that b = 1k} + ca(—k2)",a, = d1k} + d2(—k2)" and taking in account

n n C1 (_ﬁ)n +C2
that 0 < L inlim o — |y 1AL C20Ch) hj -
k2 n- dp n—00 dlklil + dz(_kz) n—00 dl (_ﬁ) * dz d2
k>
by 1 by _ C2 <
Since lim oy = lim aan =4 then by Squeese Principle f(x) = 0



Cl+6‘2=bo=1 d1+d2=a0=0
and
Clk1—02k2 = bl =0 dlkl—dzkz =da) = 1

2 _
we obtain 2,—2 — ki and, therefore, f(x) = kix = %bax
2
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From initial conditions



